Calibration of pyrgeometer was performed using blackbody radiation emitted from a conical cavity. For its improvement, optical processes in the pyrgeometer were reconsidered, and a detailed steady state equation of heat transfer was derived. The equation additionally includes three factors; 1) heat transfer between sensor and body, 2) heat transfer from sensor to the air or gas in the body and dome, and 3) form factor for the convergence of dome radiation. Expansion coefficients or calibration parameters in the equation were determined precisely by least squares technique with the experimental data of temperatures and thermopile voltages. In addition, the coefficients were evaluated for the first time theoretically with numerical values of optical properties of its components such as dome, sensor and body. It is successfully demonstrated that both coefficients well agree with each other at a special value of thermopile constant, while there was no agreement in the past investigations.
Introduction
In recent decades, precise measurements of downward infrared radiations in the atmosphere are becoming important worldwide in relation to the warming climate on the earth. Modern pyrgeometers, PIR (Eppley Laboratory Inc., USA) and MS-202 (EKO Instruments, Co. Ltd., Japan), for example, are widely used to measure these data. The pyrgeometer is composed of silicon dome, sensor plate and body. The dome passes infrared radiation but not shortwave radiation. The sensor is connected to the body with a heat conductor. For its calibration, a slowly varying blackbody radiation emitted from a conical cavity is passed through the dome, and the temperatures of cavity, dome and body (T BB , T d , T b ) are precisely measured. A thermopile is used to measure the voltage V induced by temperature difference between sensor and body.
Calibration of PIR has been extensively investigated using the following steady state equation of heat transfer (Albrecht and Cox 1977) or similar ones. 
where c 1 , c 2 (c 2 T s 3  c 1 ) and k are constants,  s is the absorption constant of sensor, s is the Stefan-Boltzmann constant and T s is sensor temperature.
A typical example of calibration is as follows (Brogniez et al. 1986; Shiobara and Asano 1992) . By neglecting the c 2 term in Eq.
(1), the following equation is obtained since  s ≈ 1, 4 )/V were plotted in the (X, Y ) plane, and fitted with a straight line. In the analysis, T b was used in place of T s since T b is very close to T s and directly measured, which is common in the past investigations. Then, the coefficients were determined as a = 234 ± 1 Wm −2 mV −1 and k = 3.03 ± 0.01 (Brogniez et al. 1986 ), but no theoretical values were given.
Efforts have been made for accurate calibration of pyrgeometers. Similarly to the above graphic technique, the coefficients were determined experimentally as k (or k 3 in several articles) = 1.6 − 5.8, for instance, by a transient temperature technique (Albrecht and Cox 1977; Payne and Anderson 1999) and a different temperature settings technique aided with least squares optimization (Philipona et al. 1995; Hirose and Shibata 2000 , 2002 (Philipona et al. 1995) , and 4−6 Wm −2 (Payne and Anderson 1999) . Recently, an automatic sky-scanning radiometer (ASR) was developed (Philipona et al. 2001) , and the world standard of PIR for the calibration was determined by comparing its output with that of ASR, when the calibration accuracy of the PIR was 2.6 Wm −2 or less with k 3 = 3.2 (Ohkawara and Takano 2008) .
However, in no cases the coefficients were explicitly evaluated with physical parameters of optical properties and detailed structure of its components. As will be discussed in section 4 in detail, the probable values of  d and  d for a silicon dome are approximately 0.07 and 0.7 in the infrared region, respectively, which gives k = 0.1. This is much different from the above values. For a long time, however, little attention has been paid to the disagreement. In the present work, we will show that it can be solved by improving the steady state equation of heat transfer and using exact values of T s and T b in numerical analysis.
Theory

Improved steady state equation
Past investigations on the calibration are all based on almost the same assumption; heat transfer by radiations between sensor and dome and that from cavity to sensor in addition to heat transfer between sensor and body through conductor. In the present study, we additionally consider three factors; 1) heat transfer between sensor and body by radiations, 2) heat transfer from sensor to the air or gas in the body and dome by convections, and 3) form factor of semi-spherical dome for the convergence of dome radiations. 
The coefficients are marked with (*) to indicate them as physically-expected values. Note that b* and d * are both positive, so that experimental values b and d should be positive.
Least Squares (LS) technique
Experimentally, T BB , T b , T d and V are measured at time t j with j = 1 − 960 for about 200 min, from which we can obtain the optimum values of expansion coefficients by applying LS technique to Eq. (4), as discussed below. Now, we define  ≡  j (Q j ) 2 , where  j implies the summation for j = 1 − 960, and  =  (a, s, b, d, h ) is the quadratic function of x = a, s, b, d, and h. The optimum value of x, which provides the minimum value of , satisfies the partial differential equation; ∂/∂x = 0. Then, we have five linear equations, and the optimum values are given by the solutions of the following equation,
where  j is expressed as  for simplicity. The matrix is symmetric with m ij = m ji . In general, the optimum values ultimately should agree with the expected ones. However, the agreement is reduced as the decrease of the completeness of steady state equation, measured data quality and physical parameters. It is unknown beforehand to what extent the agreement can be obtained in the present investigation. It is expected that the higher the completeness, the better the agreement, and vice versa.
Calibration error is mainly caused by three factors; random and systematic errors of measured data and errors due to approximations in the data and steady state equation. Here, the calibration error or accuracy is defined as the root mean square (RMS) error of radiations;
, where Q j is given by Eq. (4) at t j , and the optimum values are used for a, s, b, d and h. It is thought that the systematic errors, once clarified, can be used to correct measured data.
Experiment
Measurements
Experimental measurements were performed with the pyrgeometer MS-202 similarly to the past works (Brogniez et al. 1986; Shiobara and Asano 1992) . It was placed upside down, and the dome was covered with a conical cavity, from which the thermal radiation Q BB is emitted. Alcohol and dry-ice were mixed to provide a low temperature liquid, which was circulated through a double-wall bath in the cavity. The liquid temperature, controlled by an electric heater, was measured at several points in the inner surface of the cavity to provide their average temperature T BB . Nitrogen gas was softly blown upon the dome to keep its surface
The heat transfer to the gas is given by Q h º H g (T s − T g ), where H g is the transfer coefficient H g ≈ 5 Wm −2 K −1 in a no-stream gas, (http://materiallab.seesaa.net/ article/164801945.html).
Then, the steady state equation of heat transfer with respect to the sensor can be expressed as
where the following definitions for multiple reflections between sensor and body are used , which is equivalent to the thermal radiation at the temperature 262 K. At the same time, the voltage V between sensor and body was measured with a thermopile, which is composed of a series of 70−100 copperconstantan thermo-couples, each with temperature coefficient of 0.043 mV K −1
. Thus, the proportional constant is  = 3.0−4.3 mV K −1
. Time variations of measured temperatures and voltages are shown in Fig. 2 . In this experiment, no systematic errors were derived, but their latent possibility is not excluded.
Numerical analysis for optimum coefficients
In performing numerical calculation with Eq. (6), we take into account two undefined factors. The constant  of thermopile is not yet determined, and the gas temperature T g is not measured. Accordingly, we assume T g = (T s + T b + T d )/3 for the present, and scan  in the range of 2.8−5.0 at a step of 0.1. Then, T s is expressed as T s = T b − V/, so that T s and T b are distinguished in the present analysis.
The coefficients were calculated in the cases KA202−227 at different .The results show that in almost all cases the coefficients b and/or d are negative (which we call here inadequate cases). However, as shown in Table 1 , both b and d are positive in the cases, KA208 ( = 3.4), KA217−219 ( = 4.0) and KA223 ( = 4.2) (called here as adequate cases). In the table, most of the inadequate cases are not shown, for simplicity, except for the cases at the both ends of , and at the both sides of the adequate cases, for comparison.
On the other hand, physically-expected values, being evaluated with physical parameters, (as will be discussed in Section 4 in detail), are shown by Ex21 at the bottom of the table. We see that total tendencies of the optimum and expected values agree well with each other. In particular, all coefficients in the cases of  = 4.0 agree fairly well, but d and d * are much different in the cases of  = 3.4 and 4.2.
Among three cases KA217−219 of  = 4.0, the coefficient h substantially depends on T g ≡ T g (n), being defined at the bottom of the table, but other coefficients not so much. Accordingly, the dependence of h on  and T g (n) was surveyed in detail at different T g (n) around  = 4.0, named as the cases of KB series. The dependence is shown in Fig. 3 by the map of h in the (, T g (n)) plane. The circles and triangles there represent the cases where both b and d are positive and negative, respectively, and the broken line approximately represents the region for |h| < 6. Consequently, the most optimum values are obtained at  = 3.95 and T g = T g (1) with h = −2.7, which is the closest to h* = −2.85. The selection of the optimum value  is scarcely affected by  because of its negligible effect on h* (see Eq. (5e)) due to the small value of  = 0.005 as discussed in Section 4. The above optimization for h is simple, but sufficient, since the contribution of hQ h to Q is much smaller than the other terms in Eq. . It is noted that the optimum coefficients are very sensitive to the matrix elements, which are determined by  and measured data. For instance, compare the cases KA219 ( = 4.0) and KA222 ( = 4.1) in Table 1 , where the optimum values are considerably different in spite of very small diffeence of  = 0.1, which delicately affects the matrix elements. Similar sensitivity 
is applied to the measured data. Therefore, it is important to use precise data set in the numerical analysis. It was confirmed that there are no adequate solutions in all the cases for V = (T s − T b ), tentatively assumed, since the coefficients b and d are both negative.
Physically expected values
Here, we consider the physically-expected values to compare with optimum ones. The dome with an outer diameter about 35 mm is made of silicon single crystal with coating for anti-reflection of infrared wavelengths. Body and sensor as well as conductor are made of anodized aluminum. The upper surface of sensor is painted black. However, physical parameters of the components are not known since they are not opened to the public. Then, we consider or assume the following parameters.
The optical constants  d and  d of the silicon dome are approximately estimated from measured data in references as follows. Now, let's define  () and () as the wavelength () dependence of the above constants in a silicon single crystal. The  () is about 0.55 and slightly decreases as the wavelength in the range  = 1 − 16 µm, while it is zero outside this range (http://www.fintech. co.jp/). The () increases from 0.02 at 7.6 µm to 0.07 at 11 µm (Wada 1996) , which is assumed to be naturally extended in the above range in considering the gradual variation of  ().
By the anti-reflection coating, the  () increases to the peak value 0.9 around 10 µm, decreases gradually at longer wavelengths, and rapidly reduces to 0.3 at 16 µm, (http://www.irsystem. com/product/irparts/lens/Si.html). Probably, zinc-selenide (ZnSe) is coated, since the refraction index n r in the above wavelengths is about 2.4 and 3.4 for ZnSe and silicon, respectively. These index satisfy the coating condition that n r of ZnSe is approximately equal to the root of n r of silicon. The absorption due to the ZnSe coating is neglected because of its low thickness and similarity of optical property to that of silicon, (http://www.ii-vi.com).
The thermal radiation spectrum at 288 K distributes in the range  = 5−50 µm with the peak at 10 µm. For the transmission and absorption of radiation energy, the distribution is more conveniently expressed as a function of 1/, which is proportional to radiation energy. Then, the distribution function is nearly symmetric with the peak at 1/ = 0.1 µm −1 and the half height in the range 1/ = 0.066−0.17 µm −1 ( = 18−6 µm), where we roughly estimate the average of  () and () as  d = 0.7 and  d = 0.07, respectively. It is thought that  d and  d are not much affected at longer wavelengths because of its low distribution in the narrow range 1/ = 0.02−0.066 µm −1 ( = 50−18 µm). The absorption constant of anodized aluminum, covered with porous oxide, was measured with an infrared thermometer, resulting in  ≈ 0.7. The heat conductivity of aluminum applied to the conductor is  = 236 Wm −1 K −1 (National Astronomical Observatory ed. 1997), but might be reduced somewhat by the surface oxide at contact points. The distance between sensor and body or the conductor length is assumed as L = 2 mm in referring to a schematic figure of PIR (Philipona et al. 1995) . The diameters of sensor and conductor are assumed as 2r s = 30 mm and 2r c = 2 mm, respectively, which provides  = A c /A s = 0.005.
The expected values of coefficients, calculated with these parameters, are shown by Ex21 in Table 1 . The agreement of the most optimum values in the case KB301 with the expected ones is much better than those in the past investigations, which is a big merit of the present investigation. However, there are still considerable differences about factor 2 between b* and b. At the same time it is noted that a* is calculated with numerical values as assumed above.
Finally, it should be noticed that the thermopile locates between sensor and body, which possibly affects the heat transfer by radiations between them. Now, suppose that the reflection constant r z (z: s2 or b) is effectively increased to mr z , and  z = 1 − r z is decreased to  z = 1 -mr z with enhancing factor m. Then, we have s* = −1.561 and b* = 0.451 at m = 1.7, which are close to s and b in the case KB301 (see Ex22 in Table 1 ). Thus, it is worthwhile to investigate the effects in detail.
Further analysis with simplified equation
In order to compare with past investigations, we consider the case of a simplified steady state equation. Suppose that  s2 =  b = 1 and r s2 = r b = 0, which gives F s2 = 0 and F b ≈ 1. Next, let's neglect the Q h term, and note Q s ≈ Q b . Then. Eq. (3) is simplified as
for which the relations
, and   1 are used. Note that Eq. (7) with  d = 1 is the same as Eq. (2). This is because nearly the same amount of radiations Q s and Q b between sensor and body cancel each other, which is equivalent to the case neglecting the heat transfer by radiations between them. Now, Eq. (7) is rewritten for
Applying LS technique to Eq. (8), we obtain the following equation,
Using the data of T b in place of T s as conventionally done, we obtain a = 255.10 Wm −2 mV −1 and k = 5.164 with áQñ rms = 1.46 Wm −2
. The value of k is in the same order as the past ones. The áQñ rms is larger than that in the case KB301, due to the above approximations.
Summary and final remark
Characteristic features of the present investigation are as follows. 1) The steady state equation of heat transfer was improved by additionally considering three factors; heat transfer by radiations between sensor and body, heat transfer by convections from sensor to the air or gas in the body and dome, and form factor for the convergence of dome radiations. 2) Temperatures T s and T b were distinguished using the relation V = (T b − T s ) with V and T b measured and  scanned. 3) LS technique was applied to the equation with a large precise data set, which provided detailed optimum coefficients. 4) Physically-expected values were evaluated for the first time with physical parameters. 5) At a special value of , the most optimum coefficients were obtained, which agreed with the expected ones within a factor of two, while there was no agreement in the past investigations. 6) The calibration error or accuracy was derived as áQñ rms = 0.44 Wm −2 , which increased to 1.46 Wm −2 due to the conventional approximations. In this study, we have discussed a new method of pyrgeometer calibration with a considerable success. However, this is the first step toward the final stage of practical application. We have made various approximations in physical parameters, so that it is required to make further investigations, particularly on the optical properties of the components.
On the other hand, once the most optimum coefficients a, s, b, d, and h are determined by the above procedure, they can be used to measure the downward infrared radiations in the sky. It is thought that the physical parameters of the pyrgeometer will change gradually in time, so that it is necessary to make a longterm periodic calibration, as has been done in the past. It is important to make detailed investigations on the long-term stability and reliability from various point of view.
